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D ■ Abstract 

' Ground states of a L 2 -subcritical focusing nonlinear Schrodinger (NLS) equation are 

known to be orbitally stable in the energy class ff 1 (R) thanks to its variational char- 
acterization. In this paper, we will show instability of 1-solitons to a one-dimensional 
cubic NLS equation in the sense that for any initial data which are sufficiently close to 
a 1-soliton in L 2 (K), the solution remains in an L 2 -neighborhood of a nearby 1-soliton 
solution for all the time. The proof relies on the Backlund transformation between zero 
and soliton solutions of this integrable equation. 



1 Introduction 

In this paper, we study the nonlinear Schrodinger (NLS) equation 



(N 
> 

(N . 

QV (NLS) iu t + u xx + 2\u\ z u = 

m 

where u(t, x) : M x R — > C. The NLS equation arises in various areas to describe quasi- 
monochromatic waves such as laser beams or capillary gravity waves. It is well known that 
(jNLSp is well-posed in L 2 [231 EI] and in H k for any k G N [HUTS]. Moreover, solutions of 
(|NLSp satisfy conservation laws for the charge N and Hamiltonian H, 

(1) N(u(t,-)) := \\u(t,.)\\ 2 L2 = N(u(0,-)) , 

(2) H(u(t, •)) := \\d x u(t, ~ \\u(t, 0||l4 = H(u(0, •)) , 

from which global existence follows in L 2 or H 1 . Note that (jNLSp has actually an infinite set 
of conserved quantities that resemble norms in H k for any k S N [30] and these quantities 
give global existence in H k for any k 6 N. 

The NLS equation has a family of solitary waves (called 1-solitons) that are written as 

(3) u(t, x) = Q k ,v(t -to,x- x ) , Q k , v (t, x) := Q k (x - vt) j™/2+i(k*-vyi)t 

where Qfe(x) = ksech(kx) and (k,v, XQ,to) € M+ x S x R x 1 are arbitrary parameters. 

These 1-solitons play an important role to describe the long-time behavior of solutions 
of (jNLSp , Since is a minimizer of the functional H(u) restricted on a manifold M = 
{u G i/ 1 (M) : \\u\\l 2 = IIQfc||L 2 }i the 1-soliton Q is stable in H 1 up to translations in 
space and time variables (see, e.g., [3 [161 [29] ) . As for orbital stability of 1-solitons to rougher 
perturbations, Colliander et al. (see [6]) show that the iP-norm (0 < s < 1) of a perturbation 
to a soliton grows at most polynomially in time if the initial data is close to the soliton in 
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H S (M) (0 < s < 1) but not necessarily in The result of [6] suggests that even for 

rough initial data for which the Hamiltonian is not well defined, the 1-soliton ([3]) could be 
stable. 

In this paper, we aim to show Lyapunov stability of 1-solitons in the I? class. Our idea 
is to use the Backlund transformation to define an isomorphism which maps solutions in an 
L 2 -neighborhood of the zero solution to those in an L 2 -neighborhood of a 1-soliton and utilize 
the L 2 -stability of the zero solution. 

The integrability via the inverse scattering transform method has been exploited in many 
details for analysis of spectral stability of solitary and periodic wave solutions \20\ \17\ . It 
was also used to analyze orbital stability of dark solitons in the defocusing version of the 
NLS equation [13] and to analyze the long-time asymptotics of solutions of the NLS equation 
[8j. However, instability of 1-solitons of (|NLS|) using the Backlund transformation have not 
been addressed in literature. In particular, the solvability of the Lax equations to generates 
the Backlund transformation in the L 2 -framework is beyond the standard formalism of the 
inverse scattering of the NLS equation which requires the initial data to be in L , see Lemma 
2.1 in p. 

This is not the first time that the integrability is used to prove stability of solitary waves 
in the context of other nonlinear evolution equations. Merle and Vega j23j used the Miura 
transformation and proved that 1-solitons of the Korteweg-de Vries (KdV) equation are stable 
to L 2 -perturbations. The idea was recently applied by Mizumachi and Tzvetkov |25| to 
prove instability of line solitons of the Kadomtsev-Petviashvili (KP-II) equation. The Miura 
transformation is one of the Backlund transformations which connects solutions of the KdV 
and the modified KdV equations. The Backlund transformation seems to give a simplified 
local coordinate frame which facilitates to observe stability of solitons. In fact, Mizumachi 
and Pego [25] proved asymptotic stability of Toda lattice solitons by using the Backlund 
transformation to show the equivalence of linear stability of solitons and that of the zero 
solution. Our use of the Backlund transformation for the instability result of NLS solitons 
is expected to be applicable to other nonlinear evolution equations associated to the AKNS 
scheme of inverse scattering. 

Now let us introduce our main result on L 2 -stability of 1-solitons. 

Theorem 1.1. Let k > and let u(t,x) be a solution of (INLSj) in the class 

(4) ueC(R;L 2 (R))nLf oc (R;L A (R)). 

There exist positive constants C and e depending only on k such that if \\u(0, •) — Qfc||^2 < e, 
then there exist real constants ko, vq, to, and xq such that 

(5) sup \\u(t + t , ■ + x ) - Qk ,v \\L 2 + \ko -k\ + \v \ + \t \ + |x | < C\\u(0, •) - Qkh 2 ■ 

Remark 1.1. Theorem \1.1\ tells us that solutions of iNLS\) which are close initially to a 
1-soliton in the L 2 -norm remain close to a nearby 1-soliton solution for all the time and the 
speed, phase, gauge and amplitude parameters of a nearby 1-soliton are almost the same as 
those of the original 1-soliton. This makes a contrast with the result of Martel and Merle 
[22] for the KdV equation that shows that perturbations of 1-solitons in ff 1 (IR) can cause a 
logarithmic growth of the phase shift thanks to collisions with infinitely many small solitary 
waves. To the best of our knowledge, this is the first result for the cubic NLS equation in the 
L? (or H k , k £ N) framework which shows that a solution remains close to a neighborhood of 
a 1-soliton for all the time. 
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Remark 1.2. Asymptotic stability of solitary waves to a generalized nonlinear Schrddinger 
equation with a bounded potential in one dimension, 

(6) iu t + u xx = V{x)u - \u\ 2p u, 

has been studied by using dispersive decay estimates for solutions to the linearized equation 
around solitary waves (see |^ for p > 4 and [7| \2J$ for p > 2). However the PDE approach 
has not resolved yet the asymptotic stability of solitary waves in the NLS equation (TjJ) with 
p = 1. The difficulty comes from the slow decay of solutions in the L°° norm which makes 
difficult to show convergence of modulation parameters of solitary waves in time. 

The article is organized as follows. Section [2] reviews the Backlund transformation for 
the NLS equation. In Section [31 we pull back initial data around a 1-soliton to data around 
the zero solution by solving the Backlund transformation at t = 0. When we solve the 
Backlund transformation around a 1-soliton solution at t = 0, the parameters which describe 
the amplitude, the velocity, and the phase shifts of the time and space variables of the largest 
soliton in the solution are uniquely determined. This shows one of the difference between 
our approach and the method based on the modulation theory (see, e.g., [21 [TJ El]), where 
convergence of varying parameters in time is achieved using decay estimates of the dispersive 
part of the solution. 

In Section HI we prove that the Backlund transformation defines a continuous mapping 
from an L 2 -neighborhood of the origin to an L 2 -neighborhood of a 1-soliton and that the 
Backlund transformation connects solutions around 1-solitons and solutions around the zero 
solution for all the time if initial data are smooth. Thanks to the L 2 -conservation law of the 
NLS equation, the zero solution is stable in L 2 and we conclude that if a perturbation to 
initial data is small in L 2 , then a solution stays in L 2 -neighborhood of the 1-soliton obtained 
in Section [3j Section 5 concludes the article with discussion of open problems. 



2 Backlund transformation for the NLS equation 



We recall the Backlund transformation between two different solutions q(t,x) and Q(t,x) of 
(|NLSp . This transformation was found in two different but equivalent forms [5j [19] . 
The NLS equation is a solvability condition of the Lax operator system 



(7) 

and 

(8) 



0. r 







v q 
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_ 1p2 _ 




d x q - 2nq 



d x q + 2nq 
-2r/ 2 - \q\ 2 



where parameter n is (t, x)-independent. 
Using the variable 



7 



2pl 
^2 



we obtain the Riccati equations for the NLS equation 



(9) 



ih 



d x -f = 2r?7 + q + <n 2 , 

d t j = i(4f] 2 + 2|<j| 2 )7 + i(d x q + 2rjq) - i(d x q - 2r)q)rf 
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A new solution Q(t,x) of the same equation ()NLS|) is obtained from the old solution q(t,x) 
and the solution jit, x) of the Riccati equations © (or equivalently, from the solution ipi(t, x) 
and ip2(t,x) of the Lax equations 0-©) by 

-4Re(r?) 7 -4Re(r/)V>i^2 

(10) Q + q- 



1 + | 7 |2 l^iP + IV': 
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The new solution Q appears as the potential in the same Riccati equations ([9]) for T and 
in the same Lax equations dZ])-® for and ^2 if 

(ID r = i, *i= , ^ , 2 , ^ * 



As a simple example, we can start from the zero solution q(x, t) = and assume that 
k = 2r] is a real positive number. Equations (fT|)~ (|10p give a soliton solution 

(12) Q(t,x) = Q k {x)e ik2 \ Q k {x) := k sech(fcr), 
if 

(13) Vi = e (te+ifc2i)/2 , ^ 2 = -e- {kx+ik2t)l2 , 1 = - e kx+ik2t 
or equivalently, 

-(kx-ik 2 t)/2 Jkx-ik 2 t)/2 

(14) ^1 = , ^ 2 = , r = _ e -kx+ik 2 t_ 

2 cosh(/ca;) ' 2 cosh(fcr) ' 



Compared to a general family of 1-solitons ([3]), solution (|12p is centered at x = and has 
zero velocity and zero phase. 



Remark 2.1. If we eliminate the variable 7 /rom equation \10\) and close the system of 
equations (0|) /or the new and old solutions Q and q, then 7 satisfies a quadratic equation that 
has two roots 

(15) k±^_-\Q+ ^ 

Q + Q 

This form of the Backlund transformation was considered in |5l \19$ . Unfortunately, the 
explicit solution and M'J\) show that the upper root in M5\) is taken for x > and the 
lower root in f73|) is taken for x < with a weak singularity at x = 0. 

Remark 2.2. General solutions of the Lax equations ^7ty-(3ty for q = and rj = (k + iv)/2 
with (k, v) £ M? are given by 

+ i ,s + x ) = e^-^H^+^V 2 , ^ + *o,a: + x ) = -e-^-^+^+^V 2 , 

where (xQ,to) 6 M 2 are arbitrary parameters for the soliton position and phase, and u = 
k 2 -v 2 . 
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3 From a 1-soliton to the zero solution at t = 



In this section, we will pull back solutions around a 1-soliton to those around the zero solution 
by using the Backlund transformation at time t = 0. 
Let us define q(0, x) by the Backlund transformation 



(16) Q + q = 
associated to solutions of the Lax equation 

(17) a 



-4Re(r?)^i^ 2 







v Q ' 






^2 








$ 2 



When T] = 2 an d Qi x ) = Qi( x ) = sech(x), the spectral problem (fT7|) has a fundamental 
system {*&i(x), ^2(2;)}, where 



(18) 



-x/2 



= x/2 



sech(x) 



*2 



(e x + 2(1 + x)e- x )e x / 2 
(e _x — 2xe x )e _:c/ ' 2 



sech(x) . 



We obtain q = when the first solution is used in the Backlund transformation (|16[) with 
f] = \ and 



(19) 



<?(x) 



2xe 2:r + {Ax 2 + 4x - 1) - 2x(l + x)e" 
cosh(3a;) + 4(1 + x + £ 2 ) cosh(x) 



-2.r 



sech(x) 



when the second solution ^2 is used in (|16p with r\ = \. The latter solution corresponds to 
the weak (logarithmic in time) scattering of two nearly identical solitons. This interaction 
between two solitons was studied by Zakharov and Shabat [31] shortly after the integrability 
of the NLS equation was discovered by the same authors [30J. We are interested in the 
decaying solution of the spectral problem (|17p . which corresponds to the eigenvector for a 
simple isolated eigenvalue 77 = \ associated to the potential Qi(x) = sech(a;). 
Let us recall the Pauli matrices 





"0 


1 




"0 -i 




"1 " 


01 = 


1 





, 0"2 = 


i 


, 0-3 = 


-1 



The spectral problem (jlTI) is equivalent to an eigenvalue problem 
(20) (L - Af(5))* = A*, 

where A = 77 — 5, S = Q — Qi, 



L :-- 



and 



d - i 

X 2 

-Qi 



M(S) :-- 



-Qi 
<j x 2 



s 
s 



o"3<9ie - -I - Qicri = Lq — Qicri, 



o\ Re(5) — 2 Im(5). 
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We consider L as a closed operator on L 2 (M;C 2 ) whose domain is ff 1 (IR;C 2 ) 
then A = is an eigenvalue of (f20|) whose eigenspace is spanned by Since 



If S = 0, 



M(Q!)Lv l 



(x) = -Qi(x) 



2 ). Thus 
and the 



we see that M(Qx)Lq is Hilbert-Schmidt and thus a compact operator on L 2 (E 
by Weyl's essential spectrum theorem, we have a c (L) = o~(Lq) = { — \ + ik, k G 
zero eigenvalue is bounded away from the rest of the spectrum of L. Thus for small S, we 
will see that the eigenvalue problem (|20p has a simple eigenvalue near 0. 



Lemma 3.1. There exist positive constants C , e and real constants k, v such that if \\Q — 
Qi\\l 2 < £ > then there exist a solution * = t (^i,^) G i? 1 (M;C 2 ) of the system (fTTjl with 
r] = (k + iv)/2 such that 



(21) 



\k- 1| + M + ||* - *i|| L oo < C||Q - Qi|| L 2 . 



Proof. We will prove Lemma [331 by the Lyapunov- Schmidt method. Let us write Q = Q\ + S 
and 

(22) * = + (*i,*) i2 =0. 

Let P be a spectral projection associated with L on L 2 (R;C 2 ), or explicitly, 



Pu = u-i(u,0) L2 * 1 , 0(x) 



_ e x/2 
e -x/2 



sech(a;). 



Note that ker(L) = spanj^i} and ker(L*) = span{@}. The system (I17p can be rewritten 
into the block-diagonal form 



(23) 
and 
(24) 



L3> = P [(XI + M(5))(*i + *)] 



(0, (XI + M(S))(* + *))) L2 = 0. 



Since Lq is a closed operator on L 2 (M;C 2 ) with Range(Lo) = L 2 ( 
compact operator on L 2 (M;C 2 ), we see that L is Fredholm and 



^;C 2 ) and M(Q 1 )L~ i is a 



Range(L) = {* G L 2 (R; C 2 ) : (*, &) L 2 = 0}. 
Thus we can define L bounded operator 

: 2 )n ± ker(L*) -> ^(M; C 2 ) n X ker(L). 



L- 1 : L 2 ( 



If S 1 G L 2 (1R) and A G C are sufficiently small, there exists a unique solution $ G 
ifWiC 2 ) of «23l such that 



(25) 



1*1 



<C(||5|| L2 + |A|) 
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where C is a constant that does not depend on S and A. On the other hand, equation (|2 
can be written in the form 



A 4 + 



sec. 



h(x) \-e x/2 <S> 1 {x) + e- xl2 $ 2 {x) 



dx 



(26) 



2(Qi,Re(5)) L2 -2i{d x Q 1 ,Im(S)) L 2 - / sech(x) \e x l 2 S(x)<5> 2 (x) + e~ x / 2 S^^x) 



<C\\S\\\ 2 , 



dx 



In view of the bound ([25]) . the latter equation gives 



3C > 



i(g 1 ,Re(S)) L2 + ^(^Q 1 ,Im(S)) i2 



which concludes the proof of Lemma 13.11 since A 



V 



2 and S = Q — Q\. 



□ 



Remark 3.1. If the eigenvalue n is forced to stay at ^, constraints on S(x) need to be 
enforced, which are given at the leading order by 



(27) 



<Qi,Re(5)) L2 = 0, (d x Q x ,lm{S)) L 2 = 0. 



Constraints (j27[) are nothing but the symplectic orthogonality conditions to the eigenvec- 
tors of the linearized time-evolution problem that correspond to the zero eigenvalue induced 
by the gauge and translational symmetries of the NLS equation. The symplectic orthogonal- 
ity conditions were used in (7J [24] to derive modulation equations for varying parameters of 
the solitary wave and to prove its asymptotic stability in the time evolution of the generalized 
NLS equation ([6]). 

Let us generalize the symplectic orthogonal conditions (|27p and decompose Q into a sum 
of all four secular modes and the residual part. This decomposition is standard and follows 
from the implicit function theorem arguments (see, e.g., [7| 124] ). 

Lemma 3.2. There exist positive constants C, e and real constants a, (3, 0, 7 such that if 
\\Q — Qi\\l 2 — £ 7 then Q can be represented by 

(28) e-^ vx+ ^Q(- + 7) = Qk + iaxQ k + $d k Q k + S , 
with 

(29) (Q k ,Re(S)) L 2 = (d x Q k ,lm(S)) L 2 = (xQ k ,Re(S)) L 2 = (d k Q k , Im(S)) L 2 = 
and 

(30) M + |/3| + |0| + M + \\S\\ L 2 < C\\Q - Q4 L 2 , 
where k and v are real constants given in Lemma \3.1[ 

In order to estimate the L 2 -norm of q defined by the Backlund transformation (jl6f) . we 
need to investigate solutions to the system (fT7]) . 

Lemma 3.3. There exist positive constants C and e such that if \\Q — Qi\\l2 < e, then an 
H 1 -solution of the system fjlTf) with 7/ = (k + iv)/2 determined in Lemma \3.1\ satisfies 



(31) 
(32) 



\l/(x + 7) = sech(fcr)e 



j(vx+0)cr 3 



■ e -*»/2(_i + r n (x)) + e kx / 2 r 12 (x) 
e~ kx / 2 r2i{x) + e kx l 2 (\ + r 2 2(x)) 

\ru\\L°° + ll r 12||L 2 nL°° + ll r 2l||L 2 nL°° + 11^22 < C\\Q — Qi ||x2 , 
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where 7 and 8 are constants determined in Lemma \3.S[ Moreover if Q £ H n (M) (n £ N) m 

addition, then 

(33) 

H^mlli- + ||5 x m r 12 || L2nLO o + ||^r 21 || L2n xoo + ||9>2 2 ||l- < C'dlQ-QiUfl*. + 

for < m < n, where C is a positive constant depending only on n. 

Lemma 13.31 will be proven in the end of this section. Assuming Lemma 13.31 we will prove 
that the Backlund transformation maps initial data around a 1-soliton to those around the 
zero solution. 

Lemma 3.4. There exist positive constants C and e satisfying the following: Let Q £ H 5 (W) 
and \\Q — Qi\\l 2 < £ an d let \I/ be an H 1 -solution of the system (|17p with r/ = (k + iv)/2 
determined in Lemma \3.1\ Suppose 

2k^ x W 2 

q:=-Q 



1^1 1 + 1^ 

Then q £ H 3 (R) and \\q\\ L 2 < C\\Q - Qi\\ L 2. 
Proof. By d3TJ aud d32), we have 



(34) 2fc^ 2 _ 2hcl(vx(x ^ )+e) 1 + e 1 (x) + e M*-7) £2(a; ) + e ' k ^e 3 (x) 

|*i| 2 + |*2| 2 e kx(x-y)^ + £4 (x)) + £ 5 (x) + e -M«-T)(l + e 6 (x)) ' 

where 

£1 = ^22 - r n - r 12 r 21 - r n f 22 , 

e 2 = -(l + f 22 )ri2 ! 

£3 = f2i(l - ni) , 

£4 = 2Re(r 22 ) + |r 22 | 2 + |r i2 | 2 , 

£5 = -2Re(f 12 (l - m)) + 2Re(f 21 (l + r 22 )) , 

£ 6 = -2Re(r 11 ) + |r 11 | 2 + |r 21 | 2 . 

Lemmas 13.11 13.21 and 13.31 imply that 

|&-i| + M + |0| + | 7 | < HQ-Q1IU2 

and 

||£i||l°° + ||£2||L2 ni oo + ||£3||L 2 nL°° + I|£4||l°° + ||£5||L 2 nL°° + Ikelli 00 < \\Q — Qi\\l 2 > 

where notation A < B is used to say that there is a positive constant C such that A < CB. 
Combining the above bounds with the expansion, 

1 + £i(x) + e kx( - x -^e 2 (x) + e- k( - x -^e 3 {x) 

[xj) 

+ 0(\e 2 (x)\ + \s 3 (x)\) 



e Ma!-7)(l + e 4 (a;)) +£ 5 (x) + e -M*-7)(i + £ 6 (x)) 
1 +£i(x) 

" e M*-7)(l + e 4 (x)) + e 5 (x) + e - fee (*-7)(l + Ee(ic)) 
=i sech - 7)) (1 + 0(|ei(x)| + |£ 4 (x)| + |e 5 (x)| + |e 6 (aOD) + 0(\e 2 (x)\ + \e 3 {x)\) , 
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we get 

(35) 3C > : 

Thus by (fT6|) and (155]) . 



MIl 2 < \\Q - Qi\\u* + 



^ip + l^l 2 



L 2 



+ Qi 



< (C+l)||Q-Qi|Ua 



|*l| 2 + |^2| 2 

If Q G # 3 (IR) in addition, then it follows from {16]), ([33]) and ([Ml) that q £ H 3 (H 
Corollary 3.1. Under conditions of Lemma \3.4\ let 

*2 , #1 



□ 



■0! 



I^ll 2 + IW 



^2 



l^ll 2 + IW 



Then (tpi , -02 ) « r e C 2 -functions satisfying ([7]) . 

Proof. Lemma 13.31 implies that tpi and -02 are C 2 -functions. By a direct substitution, we see 
that (ipijifiz) is a solution of the system (J7J). □ 

Remark 3.2. Using the change of variables 

*1(V) = e-^ w+s )*i(x + 7 ), 

= e5(-+ e )* 2 (x + 7 ), 
Q'( y ) = fc- 1 e -^+ )Q( a; + 7 ), 

where y = kx, we can translate the system (|17p wrai/i r/ = (k + ro)/2 into 

Therefore, we will assume k = 1 a 

Next we will give an estimate of solutions to the linear inhomogeneous equation 
(36) Lu = f. 

To prove Lemma l3.3j, we introduce Banach spaces X = X\ x X2 and Y = Y\ x Y2 such that 
for u = *(m , U2) G X and f = *(/i , / 2 ) G 1", we have 



r*i" 




- 1 

2 










-Q' 


1 

2. 






= 7 


= 9 = 


m 


USD ( 



ll u IU = IfiIUi + \\u2Wx2 

equipped with the norms 



Y 



WhU + \\hH, 



and 



PilUi 
\ u 2\\x 2 

ll/llk 

IIMk 



inf ( ||e X//2 cosh(x) t>i||ioo + ||e x ' 2 cosh(x) w\ \\l^c\L° 



inf l l c 

U2=V2+W2 



inf 

fi=gi+hi 

inf 

f2=92+h,2 



x l 2 cosh(x) U2H1, 00 + || e x//2 cosh(x) W2\\L 2 nL' x j 
e~ x l 2 cosh(x) 51 1|^2 + \\e x ' 2 cosh(x) hi\\ L i nL 2 ) , 



e x l 2 cosh(x) (72 ||z,2 + ||e x/z cosh(x) ^IliinL 2 



x/2 

' f 
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Lemma 3.5. Let f = *(/i,/2) G ker(L*) and let u be a solution of the system (|36p sttc/i 

£/ia£ u _L ker(L). Then, there is an {-independent constant C > suc/i £/ia£ [|u||x < C][f ||y . 



Remark 3.3. For an arbitrary f G L 2 (M; C 2 )n _L ker(L*), an H l -solution u of the system (|36p 
does not necessarily decay as fast as its fundamental solution. However, since the potential 
matrix M{S) in (|20p is off-diagonal, solutions have a better decay property, according to the 
norm in X. 

To prove Lemma |3, 5\ we will use an explicit formula of L _1 f . 

Lemma 3.6. For any f = t (fi,f 2 ) £ L 2 (M;C 2 ) n _L ker(L*), i/iere exists a unique solution 
u € -fT 1 (M; C 2 ) n ker(L) of the system (|36p £/iat can 6e written as 

(37) 

i r°° 

u(x) =C(f)*i(x) + y e y l\e- 2v - 2y) aeck(y)f 1 (y)dy 

i j-X j />±oo 

--*i(z)/ e-^ 2 (e 2 ^ + 2 + 2y)sech(y)/ 2 (y)dy + -* 2 (x) / f (y) • 0(n)dy , 

where £(f) is continuous linear functional on L 2 . 
Remark 3.4. 7/(f,0) L 2 = 0, f/ien 



(38) 



f (y) • 0(j/)dy 



f (y) • 0(y)dy . 



Proof of Lemma \EM Since L : H^RjC 2 ) -)■ L 2 (M;C 2 ) is a Fredholm operator, the 
equation (f36|) has a solution in L 2 (IR; C 2 ) if f is orthogonal to ker(L*) = span{0}. 
Using a fundamental matrix U(x) = [\&i(x), ^(z)] of 



Qi 



-Qi 



we rewrite Lu = f as 



— (Wx)- 1 *!) = UixY 1 ^ = sech(x) 
ax 4 



■gas/2 ( e -2x _ 2x ) g-8,/2 ( e 2x + 2s + 2) 



x/2 



-x/2 



h{x) 

f2(x) 



Thus we have 



u(x) = U{x)c — -U(x)g(x) , 



where c is a constant vector, g(x) = t {g\{x) , 52 0*0) and 



51 0*0 

52 (z) 



:/ e y/ 2 (e- 2 y -2y) S edi(y)f 1 (y)dy+ e^V* + 2y + 2) sech(n)/ 2 (y)dy , 

JIl </ X2 



e y/ 2 sech(y)/ J 



-2//2 



sech(y)f 2 (y)dy . 



Note that xi, x 2 , X3, and X4 can be chosen freely. To let u G L 2 (M;C 2 ), we put x% = 00, 
x 2 = —00, X3 = X4 = ±00 and c = *(£ , 0) and obtain ([3j 
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Next we will show that £(f) is continuous on L 2 . Since |\I/i(x)| < e x ''/ 2 for all x £ 



< 



< 



*i(x) 



y/2 ( -2y 



2y)sech(y)f 1 (y)dy 



L 2 



-3y/2 



sech(y)f 1 (y)dy 



+ 




L 2 


«/ X 



L 2 



,(^-2/)/2 



+ 


e -|*l/2 /" 


L 2 


J X 



-M/2 



< llfl 



L 2 ■ 



L 2 



Similarly, we have 



f e-^ 2 (e^ + 2 + 2y)sech(y)/ 2 (y) f iy 

j —00 



< llfl 



L 2 



L 2 



Using Remark El and the fact that |* 2 (x)| < e^l/ 2 and |0(x)| < e~ |a ' l/2 for all 1 £ 1, we 
have 



< 



r±oo 

* 2 (x) / f(y) • 0(y)dy 

J X 

e^/ 2 \f(y)\dy 



L 2 



+ 



L 2 (0,oo) 



-(a!-y)/2 



|f(y)|dy 



< llfl 



L 2 • 



L 2 (-oo,0) 



The constant ("(f) in (I37p is uniquely determined by the orthogonality condition u _L It 
follows from the bounds above that £(f) is continuous linear functional on L 2 . □ 

Now we give a proof of Lemma 13.51 
Proof of Lemma 13.51 Since Y is continuously embedded into L 2 , the solution u = L _1 f 
can be written as (J3TJ) and 

||C(f)*i|| x <||f|| i2 <||f||y. 

Next we estimate the second term of ()37|) . Noting that ||a^i||x < 2||a||£,«> for any 
a € L°°CR), we have 



*i(x) 



2y)sech(y)f 1 (y)dy 



< 



X 



POO 

/ e f/ 2 ( e - 2 f-2y)sech(y)/ 1 (y)dy 



< inf (||< 7l e-^ 2 cosh(y)|| i2 ||sech 2 ( 2 /)( e ^-2^)|| i2 
fi=9i+hi 

+ ||fc ie »/ 2 C0Bh(y)|| L i|| sech 2 (y)(e- 2 ^ - 2y)\\ L ~) 



< inf (ll^e-^cosh^ll^ + ll/ne^cosh^lUi) < . 
Similarly, we have 

^ e-^ 2 (e 2 ^ + 2 + 2y)sech(y)/ 2 (y)dy 
J —00 



< ll/ 2 ||y 2 . 



x 



Finally, we will estimate the fourth term of (|37p . Clearly, 

f ±00 



r±oo 

* 2 (x) / f(y) ■ &(y)dy 

J X 



< Ih + Ih + II 3 + Ih , 



X 



11 



where 



Ih-- 
Ih =2 

Ih = 
II A =2 



f(y) ■ ®(y)dy 

L 2 nL°° 

(1 + x) I f(y)-®(y)dy 

±00 



x 



f(y) • ®{y)dy 

X) 

f (y) ■ @(y)dy 



L 2 nL°° 



±00 



Since ||e^/ 2 f|| L 2 < ||f||y and \&{y)\ < e~^/ 2 for all y e R, we have 



Ih < 



x-y p \y\/2 



e »e 



<{\\e\y\l 2 h\\ L , + \Wy^h\\ L 2)\\e- x \\ LHR+)nL i {R+) < ||f||y 



(l/i(y)l + l/ 2 (y)|)dy 

J2/I/2 



L 2 nL°° 



Similarly, we have II2 + U3 + II4 < ||f ||y. Therefore 

«±oo 



/<±oo 

* 2 (x) / f(y) • &(y)dy 

J X 



< llf llv. 



X 



Thus we prove Lemma 13, 51 

Now we are in position to prove Lemma [ 
Proof of Lemma 13.31 Let $ be a solution of the system (|17p in Lemma 13. II such that 

* = + (*,*i) L 2=0. 

Substituting (f28j) (with k = 1 and v = 7 = 9 = 0) into the system (fT7|) . we obtain 

(39) = R! + R 2 + , 

where 



□ 



-SQ ie - x / 2 



Ri = M(5)*i = 
R 2 = [-ax(5icr 2 + /3(xd x Qi + Qi)ai] *i = iaxQ\ 



e x/2 
e -x/2 



+ (3(xd x Q l + Q 1 )Q 1 



e x/2 ■ 
_ e -x/2 



Because ^ F and ||(/ — P)f ||y = 00 whatever f is, we shall modify the projection 
operator compared to the proof of Lemma |3~T1 Let P : L 2 (R; C 2 ) -)• L 2 (IR; C 2 ) n - 1 ker(L*) be 
a new projection defined by 

~ 3 

Pu = u--(u, 0) L 2 sech 2 (x) *i . 

Since He(S,Qi) L 2 = lm(S, d x Q\) L 2 = by (J2SD ? we have 
(40) (M(5)*i,0) i2 = -2Re(5,Qi) L2 +2iIm(5,a a .Qi) L2 =0. 
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By (|40p and the fact that _L Range(L), we obtain 

L3> = PL$ = Ri + P(R 2 + P 3 #) . 
Thus, the system (J39]) is transformed into 

(41) (/-L" 1 Pi? 3 )* = L" 1 Ri+L" 1 PR 2 . 
Lemma 13.51 and the bound (|30p imply 

IlL^RxlU < URilly < ||5Q lC osh(x)|| L2 < \\SWv, 

WL^PRzWx <||PR 2 ||y < ||R 2 ||y + |<R 2 , 

<|a|||xQi cosh(x)|| L 2 + \/3\\\(xd x Qi + Qi)Qi cosh(x)|| L 2 + ||R 2 || L 2 

<||Q-QilUa, 

and for ufl, 

HL-^^ullx < \\PR 3 u\\ Y 
<||(Re5)aiu||y + ||(Im5)a 2 u||y + |a|||xQia 2 u||y + \P\\\(xd x Qi + Qi)<nu||y + \\R 3 u\\ L i 
<(\\S\\ L 2 + |a|||xgi|| L 2 + \P\hd x Qi + Q 1 \\ L 2)\\u\\ x 
<\\Q - Qi\\i?\\u\\ x . 

If ||Q — Q\ ||^2 is sufficiently small, then I — L _1 PP 3 is invertible on X and 

<\\(I- L^PRs)- 1 ^- 1 ^ + L -1 PR 2 )||x < ||Q - Qi\\ L 2 . 

Thus we prove ([32]) . 

Next, we will prove (|33p . Differentiating (j39[) m times (0 < m < n), we have 

(42) L9™$ = d™(Ri+R 2 + P 3 *) + [£, 

Let P : L 2 (M; C 2 ) -> L 2 (R; C 2 ) n x ker(L) be another projection defined by 

Pu = u--L(u,*i) L 2*i. 

V Z7T 



where we used H^iH 2 ^ = 4 Jq 00 sech(x)dx = 2ir. Since L = LP = PLP, equation (|4"2"j) can be 
rewritten as 

(L - PR 3 )Pd™$ = PR 4 , m , 

where R 4 , m = d™ (Ri + R 2 ) + {[d™ ,Q x a{\ + [<9™,P 3 ] + P 3 [^,P]} Note that P$ = 

Suppose that ||<9^.<l?||x < ||Q — QiHij-i + ||Q — Qllljyz for < I < m < n. Then by the induction 
hypothesis, we have 

l|R-4,m||y < HQ — Qi\\h™ + HQ — Qi||ff m - 

Therefore, if ||Q — Qi II jl 2 is sufficiently small, then / — L _1 PP 3 is invertible on X and 

\\Pd?*\\x <W - L _1 PP 3 ) _1 L _1 R4,m|U < Homily < ||Q - Qilk- + ||Q - Qi||£™ , 
and 

\\dznx<\\Pd?*u+\m,p]*\\x 
<\\PdTnx + \\n^ 

<||Q-Qi||fl*. + ||Q-Qi||Sm. 

This completes the proof of Lemma 13.31 □ 
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4 From the zero solution to a 1-soliton 



In this section, we will prove Theorem 11.11 by showing that a Backlund transformation (jlOp 
maps smooth solutions of (|NLSp in an L 2 -neighborhood of the zero solution to those in an 
L 2 -neighborhood of a 1-soliton. 

First of all, we construct a fundamental system of solutions of the spectral problem ([7]) 
with rj = \, which will be assumed throughout this section. If q = 0, the fundamental system 
of solutions of ([7]) with rj = | is given by the two solutions 



(43) 



■gx/2 





i/> 2 (x) 





. e -x/2 



When g is small in L 2 , a fundamental system of ((7J) with rj = h can be found as a perturbation 
of the two linearly independent solutions (|43p . 

Let us consider the following boundary value problems 



(44) 



and 



(45) 



-q<Pi ~ ¥2 , 
lim <pi(x) = 1 , 

lim e x ip 2 {x) = 0, 



f Xi =Xi+ 1X2 



X2 



-QXi , 
lim e~ x xi(x) = . 



lim X2(x) = -1 • 

r— >— oo 

If the boundary value problems (|44p and (j45|) have a unique solution, then 



(46) 



^i(x) 



<px(x) 



ll>2(x) 



-x/2 



Xl(x) 

X2{x) 



become linearly independent solutions of the system (J7J) with rj = \. It follows from a standard 
ODE theory that every solution of the system ([TJ with q G C(R) can be written as a linear 
superposition of the two solutions ([4U]) , 

Uniqueness of solutions of the boundary value problems (j44]) and (I45p follows from the 
following lemma. 

Lemma 4.1. There exists a 5 > such that if \\q\\L 2 < then the boundary value problems 
(|44p and (|45p have a solution in the class 

fa , V2 ) a°°x (l 2 n l°°) , (xi , X2) e (L 2 n x 

Moreover, there exists a C > sitc/i £/zai 

II - M\l°° + H^ll^nX 00 < ClkllL 2 ) 

llxillL2 nL oo + ||x2 + i|U°° < ciklUa- 
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Proof. Let us translate the boundary value problem (|44p into a system of integral equations 

U7) f v>i(x) = i - q(y)<P2(y)dy =■ T 1 ((p 1 ,(p 2 ){x), 

[ 1 I Mx) = -f- 00 e- (x - y) q(v)<Pi(y)dy=:T 2 (< Pl , l p 2 )(x). 

Let us introduce a Banach space Z := L°° x (L°° n I?) equipped with the norm 

[|(«l,«2)[|z = IhllU 00 + IMIl^ol 2 • 

In order to find a solution of the system (|47p . we will show that T = (Ti,T 2 ) : Z — > Z is a 
contraction mapping. 

Using the Schwarz inequality and Young's inequality, we have for {ipi,ip 2 ) and (<pi,<p 2 ) G 



l^i (Vi, V2) - 7i((,5i,^2)||l°° = sup 



< 



\ L 2\\ip 2 - ip 2 \\ L 2 



and 



\T2(<pi,<P2) ~ T 2 (<px,<P2)\\L*nL° 



{x y 'q(y)(<pi(y) - vi{y))dy 



L 2 nL° 



<ll e llL 1 (R+)ni 2 (K + ) 

<IMIz, 2 IIpi - 

If ||g||i2 is sufficiently small, then T = (Ti,T 2 ) is a contraction mapping on Z. Therefore 
T = (T\ , T 2 ) has a unique fixed point (921, tp 2 ) £ Z and 

|| Pi - l||i» + ||P2||L°°nL 2 =11^(^1, ^2) - T(0,0)||z < lklU2||(pi,P2)IU 

<lkllL 2 ( 1 + \\<Pl - + ||P2||l,°°nL 2 ) • 

Thus we have 

llvi - i|k°° + IIp2||l°° + IIp2||l 2 = c(lkllL 2 )- 

Finally, we confirm the boundary conditions in the system ([44|) . By (|47p and the fact that 
q £ I? and (p 2 £ L 2 , we have lim :! ;_ s>00 ip\ (x) = 1. Since ip 2 is bounded and continuous, it is 
clear that linx r _ s> _ 00 e x (p 2 (x) = 0. 

In the same way, we can prove that the boundary value problem (|45p has a unique solution 
(Xl,X2) G Z := (L°° n L 2 ) x L°° satisfying 

l|Xi||L2ni«, + ||X2 + 1||l°° = OGMIl 2 ) 
and the boundary conditions ]hn x ^. 00 e~ x \i{x) = and \\m x ^ t _ 00 X2(%) = — 1- D 

Next we will consider the time evolution of (ipi,ip 2 ). We will evolve (tpi, ip 2 ) by the linear 
time evolution ([8]) for initial data (ipi(0,x),ip 2 (0,x)) satisfying the spectral problem ((7|) at 
t = assuming that q(t, x) is a solution of (iNLSjl . 

Suppose that (f(t,x) = t ((fi(t,x),(p 2 (t,x)) satisfies the boundary value problem (ji"4"P at 
t = with g = g(0, x) and that e x ^ 2 <p(t, x) satisfies (|8|) for every i > and i£i Then the 
linear time evolution of cp(t, x) can be written in the matrix form 



(48) 



d t ip(t, x) = A(t, x)ip(t, x) , A(t, x) 



a(t,x) b(t,x) 
c(t,x) —a(t,x) 
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where 



+ 



b = i(d x q + q), 



i(d x q - q) . 



Similarly, let x(i,x) = t (xi(t,x),X2(t,x)) be a solution of the boundary value problem (f45j) 
at t = with q = g(0, x) whose time evolution is written in the same matrix form (|48p for 
x{t,x). Solutions <f{t,x) and x(t,x) are characterized by the following lemma. 

Lemma 4.2. Suppose that q G C(R;-£f 3 (R)) is a solution of (jNLS|) and that \\q(0, is 
sufficiently small. Let if = t (fi, f>2) and x = *(xi> X2) be solutions of the linear equation (|48j) 
starting with the initial data given by solutions of the boundary value problems (|44p and (|45p 
respectively with q = q(0, x). Then d l x if G C(R; Z) and d x x G C(R; Z) /or < i < 3 and for 
every t G R, 



(49) 



and 



(50) 



' d x cpi(t,x) = q(t,x)(p 2 (t,x) , 
d x cp 2 (t,x) = 



lim <£i(£, x) 



(t,x)<^l(t,x) - <P2(t,x) , 
it/2 



lim e x <f 2 (t,x) = 0. 



V X— OO 



' 9xXl(*> x ) = Xi(t, x) + q(t, x)xi(t, x) , 
d x X2{t,x) = -q(t,x)xi(t,x) , 
lim e~ x xi(t,x) = 0, 

x— >oo 

lim X2(*,aj) = -e~ %t l 2 . 



Proof. First, we will prove that the boundary value problem (|49|) holds for every t G R. 

The coefficient matrix A(t, x) of the system (|48p is continuous in (t, x) and C 1 in x since 
q{t,x) G C(R; ff 3 (R)). By a bootstrapping argument for the system (|44|) . Lemma 14 , 1 1 implies 
that if i(0, x) and f 2 (0, x) are C 1 in x. Solving the Cauchy problem for the linear evolution 
equation (|48j) . we find that ip±(t,x) and f 2 (t,x) are in C X (R x R). By a bootstrapping 
argument for the systems ([31]) and (HSJ), we conclude that d x dt<f(t, x) and dtd x f>(t,x) are in 
x R;R 2 ) and thus d x d t f(t,x) = d t d x if(t,x). 
Let 



S(t,x) 



_0 g(t,x)' 

<i,x) -1 . 



F(i, x) = d x cp{t, x) - B(t, x)<p(t, x) 



Since q is a solution of (jNLSj) . the matrices A and B satisfy the Zakharov-Shabat compatibility 
condition 



(51) 

As a result, we obtain 



d x A — d t B +[A,B]=Q. 



d t F =d t d x cp - (d t B)if - B8 t cp = d x (Acp) - (d t B)cp - BAif 
={d x A + [A , B] - d t B)if + AF = AF. 
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Applying Gronwall's equality, we see that for any T > 0, there exists a constant C(T) such 
that 

|F(i)| < C(T)|F(0)|, t€[-T,T\. 

Since F(0) =0 by the assumption, it follows that F(t) = for every t £ 1. Thus we prove 
the differential part of the system (I49p . 

Next we will prove ipi(t, •) G L°°(R) and tp 2 (t, •) G L 2 (R) n L°°(R) for every i G R. By the 
linear evolution (1481) . we have 



+ |</? 2 (t,x)| )| = 4 Img(i, a;)<pi(t, x)(p 2 (t, x) 

< 2\\q{t,-)\\ L c (\(p 1 {t,x)\ 2 + \<p 2 {t,x)\ 2 ). 

Applying Gronwall's inequality again, we have 

(52) |^ 1 (t,x)| 2 + |9 32 (t,x)| 2 <e a l t l(|vP 1 (0,x)| 2 + |^ 2 (0,x)| 2 ), t€R 

where a = 2 sup( tja .) gRxR \q(t, x)\. Since ¥>(0, •) G L°°(R;C 2 ), bound (j52j) shows that ip(t,-) G 
L°°(R;C 2 ) for any t G R. 

Using the linear system (I48p again, we have 

df|99 2 (i,x)| 2 < 2\d x q(t,x) - q(t,x)\(pi(t,x)\\ip 2 (t,x)\ 

< \ip 2 {t,x)\ 2 + \ipx(t,x)\ 2 \d x q(t,x) - q(t,x)\ 2 . 

By Gronwall's inequality, for any T > there exists a C(T) > such that 

\if2(t,x)\ 2 < \ip 2 (s,x)\ 2 + C{T) f \d x q(r,x) - q(T,x)\ 2 dr, 0<s<t<T, x G R. 

J s 

Therefore, we have 

(53) \\<p 2 (t, 0||| 2 < + C{T) f \\d x q(r, •) - q(r, -)\\ 2 L2 dT. 

J s 

Since ip 2 (0, •) G L 2 (R), bound j53]) shows that <p 2 {t, •) G L 2 (R) for every t G R and ||^ 2 (*)llz, 2 
is continuous in t. Since A(t, •) G C(R; -ff 2 (R)) and ||yi(i)lli°° an d 1 1 ^2 ) 1 1 z, 2 nz,°° are bounded 
locally in time, the linear system ()48|) implies that ipi(t, •) and (p 2 (t, •) are continuous in L°°(R) 
and thus <p 2 (t, •) is continuous in L 2 (R). Using the fact that tp G C(R; Z) and a bootstrapping 
argument for the system (|44p . we have d x <p G C(R; Z) for 1 < i < 3. 

It remains to prove the boundary conditions of the system (j49j) . Since 92 2 (i, x) is bounded 
and continuous in x for every fixed t G R, we have rim a ;_ ) ._ 00 e x ip 2 (t, x) = 0. By a variation of 
constants formula, we have 

(54) tp(t,x) = e iast / 2 ip(0,x) + [ e icT ^ t - s ^ 2 A 1 (s,x)ip{s,x)ds, 

Jo 

where A\(t,x) = A(t,x) — icr$/2. By the assumption that q G C(R; H 3 (W)), we have 



sup sup | (s, x) | < oo and lim A\(s,x) = 0. 

x£R0<s<t x^±oo 
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Applying Lebesgue's dominated convergence theorem to the integral equation ([53]) . we get 



lim tp(t,x) - e i(73t/2 <p{0,x) 

x— ¥00 

Combining the above with the boundary condition lirn a; _ s . 00 y>i(0, x) = 1, we obtain 

lim cpi(t,x) = e it/2 . 

Properties of x an d the boundary value problem (j50|) can be proven in the same way as 
properties of <p and the boundary value problem (|49p . □ 

Now, we have time global estimates of solutions to the linear evolution equation (|48p . 

Lemma 4.3. Let q G C(R; -ff 3 (R)) 6e a solution of (|NLSp . Suppose that ip(t,x) and x) 
are solutions of the linear evolution equation (148p swc/i £/ia£ <£>(0, x) € Z and x(0, x) G Z, 
respectively. There exist positive constants e and C such that if \\q(0, -)||l 2 < e > i/ien /or every 
t G R, 

(55) Iki^O-e^lU- + lk2(t,-)ll^nL- < C||g(0, OIU*, 

(56) || X i(t, OIIl^l- + ||X2(t, •) + e-^IU- < C||g(0, • 

Proof. Since ip(t, •) £ Z and x(t, ■) G Z for each tel and satisfy the boundary value problem 
()49p and (|5Q|) . Lemma 14.31 can be proven in exactly the same way as Lemma 14.11 □ 

Our next result shows that the Backlund transformation ()10p with r\ = ^ generates a new 
solution Q in a L 2 -neighborhood of the 1-soliton e l ( t+e ^Qi(x — 7), where Qi(a;) = sech(x). 

Lemma 4.4. Let e be a sufficiently small positive number. Let q(t,x) G C(R; -£f 3 (R)) be a 
solution of (INLSp such that \\q(0,-)\\ L 2 < e and let 

, ( ipi(t,x) = cie x l 2 Lp x {t,x) + c 2 e- x / 2 xi{t,x) , 

[ ' \ Mt,x) = c 1 e x / 2 V2 (t,x)+c 2 e- x / 2 X2(t,x), 

where c x = ae^ +ie ^ 2 , c 2 = ae~ (7+ie)/2 and a / 0, 7 G R, 6 G R are constants. Let 



(58) Q{t,x) = -q(t,x) *Mt,x)Mt,*) 



\Mt,x)\ 2 + \Mt,x)\ 2 ' 



Then Q G C(R; H 3 (R)) and Q(t, x) is a solution of dNLSl) . Moreover, th ere is an e- dependent 
constant C > such that 



(59) sup ||Q( t) .)_ e W) Ql( ._ 7) || i2 <C|| g (0, 



|L2 . 



Proof. Since ^ in (|57|) solve the Lax system ([7]) and ((5]), the Backlund transformation 
implies that if q(t,x) is a solution of (jNLSp . so is Q(t,x). Let us still give a rigorous proof of 
this fact for the sake of self-containedness. Let 



|^(t,a;)| 2 + |^2(t,x)| 2 ' zv ' y ' \Mt,x)\ 2 + \Mt,x)\' 
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Thanks to (|55|) and (|56p . tp ^ for any (t, x) 6R 2 , hence Q and Vl/ are well defined for every 
t G R. Since G C(M; Z) and d l x x 6 C(R; Z) for any < j < 3 and 

9 G C(M;^ 3 (R))nC 1 (R;if 1 (R)), 

it follows from the linear evolution equation (|48p that is of the class C 1 and d x dt^ and 
<9 4 <9 X .* are continuous. Moreover Q(t, •) G C(M;i? 3 (M)). 

By a straightforward but lengthy computation, we show that 



(60) 
(61) 



0. r 







" 1 

2 


Q" 






^ 2 




-Q 


i 

2_ 




*2_ 



dt 





= i 


*2. 





i + IQI 2 

3,Q - 















Combining 


(1601) 



It is clear that \I/(x, i) 7^ for every (t, x) 6 1x1. Combining (|60p . (|6ip and the compatibility 
condition dtd x ^ = dxdt^, we obtain iQ t + Q X x + 2\Q\ 2 Q = 0. 
Now we will show the bound (1591) . Let 



2i?i 



x) := — Q(t, x) — q(t, x) 

( 62 ) _ 2{cnpi(t,x) + c 2 e- x xi(t,x))(c 1 e x (p 2 (t,x) +c 2 X2{t,x)) _ 

\ciipi(t,x) + c 2 e- x xi(t,x)\ 2 e x + \cie x ip 2 (t,x) + c 2 x 2 (t, x)\ 2 e~ x R 2 

where 

R x := e x+ ^ipi(t, x)ip 2 (t, x) + e~ x -~<xi(t, x)x 2 (t, x) + e*Vl(t, aOX2(*, &) + e~ i8 Xi{t, x)(p 2 (t, x) , 
i? 2 :=e^{\ Vx {t,x)\ 2 + |^ 2 (£,x)| 2 ) + e -^(| X 2(i,x)| 2 + |*i(t,x)| 2 ) 

+ 2 Re 



e l ((pi(t,x)xi(t,x) + (p 2 (t,x)x 2 (t,x)) 



For x > —7 
(63) R -- 



2e- x -y+ ie i Pl (t,x)x 2 (t,x) 



+ 0(\Mt,x)\+e- x ^\xi(t,x)\) 



m (t,x)\ 2 + e-K x +-f)\x2(t,xr 
since \ipi\, \X2\ ~ 1 and 922, Xi ~ by Lemma 1Q1 Similarly, for x < —7, 



i? 



2e*+^ +ie <p 1 (t,x) X2 (t,x) 



0(| Xl (i,x)|+e* + > 2 (i,x)|). 



(64) " |x 2 (i,^)| 2 + e 2 (-+^)|^i(t,x)| 2 

Combining ([63]) and (f6^|) . we get 

+ e^ +e ) sech(x + 7 )| 

<Ce-l^l(||^ - e^ll^ + || X2 + e~ ji / 2 || ioo ) + C(|^ 2 (t,x)| + |xi(*,x)|) , 

where C is a constant depending only on [|g(0, •) [l^a - Thus by Lemma |4.3] there is C > 
such that 

sup \\R(t, •) + e 4 ^ sech(. + 7 )|| i2 < C||g(0, Olb • 

teK 

Combining the above with the L 2 -conservation law \\q(t, -)||l 2 = lk(0, -)IIl 2 °f (jNLSp . we 
conclude that 



IIQ(V) 



At+o) 



sech(.+ 7 )||L 2 < \\R(t,-)+e« t+d hech(. +1 )\\ L 2 + \\q(t,-)\\ L 2 < \\q(Q, -)\\ L 2. 



This completes the proof of the bound 



□ 
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Remark 4.1. To prove Lemmas \4-S\ and \4-3[ we require H 3 '-regularity of a solution q to 
()NLS|) . The high regularity assumption on q(t,x) is only used to prove qualitative properties 
on a solution ("01, ^2) of the Lax system ^ and ^ and has not been used quantitatively to 
prove the bounds (|55|) and (|56p . This is the reason why we can prove Theorem \1.1\ for any 
initial data satisfying ||u(0, •) — QiH^a < £ by using an approximation argument. 



Now we are in position to prove Theorem ll.il 
Proof of Theorem 11.11 Thanks to the scaling invariance of (|NLSp . we may choose k = 1, 
that is Qk = Qi- 

(Step 1): First, we will show ([5]) assuming that u(0, •) G ff 3 (R). Lemmas 13.11 and 13.4 
imply that if Q = u(0, •) G ff 3 (R) and \\u(0, •) — Qi||^2 is sufficiently small, then there exist 
a solution \I/ of the system (|1T|) with rj = (k + iv) /2 satisfying 

3C > : |ib - 1| + \v\ < C\\u(0, •) - Qi\\ L 2 . 

Letting 



, . 2fc* 1 (x)* 2 (x) 

go(sc) = -u(0,x) 



|*l(x)| 2 + |* 2 (x)| 2 
and 



ga(g) , , s 

ROIS) = |,T, / M9 , |,t, 7 M9 ' ^2,0 ~ 



|*i(x)| 2 + |* 2 (x)| 2 ' rz ' uv 7 |*i(x)| 2 + |* 2 (a;)| 2 ' 

we see that (^1,0) ^2,0) is a solution of the system ([7]) with q = q$. We may assume k = 1 
and u = without loss of generality thanks to the change of variables in Remark 13.21 and the 
invariance of (INLSj) under the transformation 

Xq(X\t + t ), A(x + x )) = e i( - vx / 2 - vH ^q(t, x - vt), 

where A > and t , x , v G K are constants. 

By the linear superposition principle, we can find complex constants c\ and c 2 satisfying 

</>o = '(^1,0, V>2,o) = cie>/ 2 <p(0, *) + c 2 e-* /2 x(0, x) . 

Let q(t,x) be a solution of (|NLS|) with q(0,x) = qo(x) and let 

^(t, x) = *(^(t, x), V 2 (*, x)) = cie^VC*, s) + C2e-*/ 2 x(t, x) . 

Lemma 14.41 implies that xj){t,x) is a solution of the Lax system ([7]) and ([8]) and that Q(t,x) 
defined by ([58]) satisfies the stability result (|59|h Since Q(t,x) is a solution of (|NLS|) in the 
class C(R;H 3 {R)) and 



Q(0,x)=-,(0,x) *MM*(0,*) 



|Vi(0,x)| 2 + |^ 2 (0,x)| 



2 



2* 1 (x)fr 2 (x) 
90(X) " |^(X)| 2 + |WX)| 2 = ^ ( °' X) 



by the definition, we have Q(t,x) = u(t,x). 
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(Step 2): Next, we prove ([5]) for any u(0, •) which is sufficiently close to Q\ in L 2 (R). Let 
5\ = ||u(0, •) — Qi||^2. Let u n fi G -£f 3 (K) (n G N) be a sequence such that 

lim ||u n - it(0, -)\\ L 2 = 0, 

n— >oo 

and let u n (t,x) be a solution of (jNLSp with u n (0,x) = uo >n (x). In view of the first step, we 
see there exist a positive constant C and real numbers k n , v n , t n , x n (n G N) such that 

(65) SUp \\u n (t + t n , • + X n ) - Qk n ,v n \\L 2 + \k n ~ 1| + M + + W < C\\u ,n ~ Qi\\l 2 ■ 

By (f65|) . there exist &o, «o, and subsequences of {k n }, {v n }, {i n }, {x n } such that 

(66) lim k nj = k , lim v n = v , lim t n = t Q , lim x n = x ■ 

It follows from the main theorem in Tsutsumi |28j (see also Theorem 5.2 in |21| ) that (jNLSp 
is L 2 -well-posed in the class of solutions @. Therefore combining ()65[) and (|66p . we obtain 
©. Thus we complete the proof. □ 

5 Discussions 

We finish this article with three observations which are opened for further work. 

1. The Cauchy problem associated with the generalized nonlinear Schrodinger equation 
([6]) is well studied in the context of dispersive decay of small-norm solutions. Since the decay 
rate of the L°° — L 1 norm for the semi-group 

S(t):=e-*(-% +v W\ t>0 

is 0(i -1//2 ), the nonlinear term \\u(t, is absolute integrable if p > 1. The case p = 1 

of the cubic NLS equation is critical with respect to this dispersive decay in the L°° — L 1 
norm. The scattering theory for small solutions in the supercritical case p > 1 was studied 
long ago [H [T21 US [27] • The scattering theory was extended to the critical (p = 1) and 
subcritical (p = |) cases by Hayashi and Naumkin [TQl E] using more specialized properties 
of the fundamental solutions generated by the semi-group S(t). 

In particular, Hayashi and Naumkin proved that if go £ .ff 1 (M) n Lf(M.) and || qo \ |#i + 
||<7o|Il 2 < £ for sufficiently small e > 0, then there exists a unique global solution q(t, ■) G 
C(R; H^R) n Lj(R)) of dNLS) with q(0) = q such that 

(67) 3C>0: \\q(t,-)\\ H x < Ce, \\q(t, -)||l- < Ce(l + |t|)~ 1/2 , t G R + . 

Space i|(R) is needed to control an initially small norm HqoIIl 1 - Recall from inverse scat- 
tering (see, e.g., [I]) that if Hgolli 1 is small, then the spectral problem ([7|) admits no isolated 
eigenvalue and produces no soliton in q(t, ■) as t — > oo. In other words, q(t, •) contains only 
the dispersive radiation part. Unfortunately, the norm \\q(t, OIIl 2 (and the norm \\q(t, OIIl 1 ) 
may grow as t — > oo. Indeed, it is shown in [10J that there exists a small e > such that 

\\(x + 2itd x )q(t,-)\\ L 2 <(l + |t|) e , 

which implies that \\q(t, -)||l 2 — + 1*1) as t — > oo for some C > 0. 
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The possible growth of \\q(t, is an obstruction on the use of the Backlund trans- 
formation in our approach. If we can prove that the Backlund transformation provides an 
isomorphism between a ball Bg(0) 3 q of small radius 5 > centered at in the energy space 
and a ball B £ (Qi) 3 Q of small radius e > centered at Qi(x) = sech(x) in the same 
energy space if 1 (]R) such that 

3C>0: \\Q-Qi\\l°° <C\\q\\ L oo, 

then the asymptotic stability of 1-solitons holds in the following sense: There exist positive 
constants C and e such that if u(t, •) 6 C(R+, -ff 1 (M)) is a solution of (jNLSp with u(0) = no 
and ||uo — Qi||#i n Lf — e > then there exist constants k £ R and w€R such that 

(68) \k-l\ < Ce, \v\<Ce, inf \\u(t, -) — Qk,v(t-to, •— a?o)[|fl-i < ClWo-QiWrnnL 2 > 

(t ,a:o)eM 2 1 

and 

(69) lim ||u(t, •) - Qk, v (t ~ t'o, ■ ~ x'o)\\l^ = 0, 

t— >oo 

where (t ,x ) are optimal values from the infimum in (I68p . 

Unfortunately, unless H^ll^i is assumed to be small, we cannot prove the analogue of 
Lemma 14. 1 1 under the assumption of small H^Hl 00 - The best we can do is the bound 

II — 1|U°° + 1 1 9^2 1 1 Z^a < C||g|| L 2, || ||i°° < C|k||i°°j 

llxilU 2 + 11X2 + 1||l°° < ClklU 2 , HxiIIloo < C||g|| L <x.. 

This is good to control ||Q — Qi\\l°° ((-oo,-x )u(x ,oo)) m terms of H^Hl 00 for sufficiently large 
.to > but it is not sufficient to control the L°°-norm over (— xq 7 xq). More detailed analysis 
near the soliton core is needed and the asymptotic stability of 1-solitons in the cubic NLS 
equation is left as an open problem. 

2. Another interesting development is a connection between the NLS equation and the 
integrable Landau-Lifshitz model 

(LL) U^UXlla, 

where u(t, x) : M. x R — > S 2 such that u • u = 1. A Backlund transformation which connects 
(|NLS|) and (|LLp is called the Hasimoto transformation ([9], |32j). The Hasimoto transfor- 
mation can potentially be useful to deduce L 2 -orbital stability of 1-solitons of (|NLSp from 
i/ 1 -orbital stability of the domain wall solutions of (|LLp and ff 1 -asymptotic stability of 1- 
solitons of (INLSp from H 2 -asymptotic stability of domain wall solutions of (ILLp . More studies 
are needed to see if our results can be deduced from the corresponding results on (|LLp using 
the Hasimoto transformation. 

3. Our approach to employ the Backlund transformation for the proof of L 2 -orbital 
stability of solitary waves can be used to other nonlinear evolution equations integrable by 
the inverse scattering transform method. In particular, we expect it to work for systems where 
orbital stability of solitary waves in energy space cannot be deduced by standard methods 
|16j . Nonlinear Dirac equations in one dimension and Davey-Stewartson equations in two 
dimensions are possible examples for applications of our technique. These examples are left 
for further studies. 
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